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We perform an asymptotic analysis of the distribution of points by degree and orbit size in trees 
whose points have maximum degree dr3. When d=4, these trees represent the carbon skeletons 
of alkanes. Tables are provided for d=3 and 4. These results are readily converted to 
corresponding conclusions for (l&-trees, whose points have only degree 1 or d. As an 
application we conclude with some speculations on the expected order of the automorphism 
group of a (1,4)-tree. 
1. Introduction 
In a d-tree, all points have degree sd. The points of a (1, d)-tree have either 
degree 1 or d. In this paper we provide exact formulas for the number of points in 
these trees which have degree r and orbit size s as well as asymptotic formulas for the 
proportion of such points. Tables of these proportions have been calculated for 
d = 3 and 4. These results will be applied to estimate the expected order of the 
automorphism group of a (1,4) tree. 
Our notation usually follows that of the first article of this series [2] and the book 
Graphical Enumeration [4]. For example, S, denotes the symmetric group on n 
objects and Z(S,) = Z(S,;sr , s2, . . . , s,) is its cycle index. Given the generating 
function g(x) and any rational function P in the variables sl, s2, . . . , we denote by 
P[sj +g(x’)] the result of substituting g(x’) for each variable si in P. Often we shorten 
the expression Z(Sn)[Si+g(x’)] to Z(S,, g(x)). 
2. Results 
Our results ultimately depend on the coefficients of the series R(x) in which the 
coefficient of x” is the number of d-trees of order n rooted at a point of degree 
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I d- 1. From [2] we have the relation 
R(x) =xZ(&_ t, 1 +R(x)) (1) 
which is used to calculate the coefficients of R(x). 
It is convenient to set 
7qx) = xZ(S,, R(x)), (2) 
which counts d-trees rooted at a point of degree r. 
A fundamental result of [2, Lemma 4.11 provides a recurrence relation for 
fld- ‘j(x), the series which counts fixed points of degree r in d-trees rooted at a point 
of degree sd- 1: 
P-<d-l)(X) = P)(x)+ O,(x)[R(x)- 2-+1)(X)] 
- 0, (x2)[R(x) - T(d- l’(x) - 2+2)(X)]. (3) 
where 
01 (x) = F+ l’(x) + fid- l’(x) (4) 
when r=d, and for r= 1 to d- 1 
O,(X)=F(d-1)(X)+fi~-qX)-7qX). (5) 
Now let q(x) be the generating function which counts fixed points of deg r in 
(unrooted) d-trees. 
Theorem 1. The series O,(X) for fixed points of degree r in d-trees satisfies 
~,(x)=T(‘)(x)-[~+R(~)-T(~-~)(x)]~~(x~). (6) 
Proof. The term Vr)(x) counts all fixed points of degree r and more. The excess 
points of degree r originate from orbits of size > 1. Subtraction of 0, (x2) eliminates 
the excess which arises from trees with a symmetry line. Since R(x) - fld- ‘I(X) 
counts trees rooted at a point of degree (d-2. The product 
[R(x) - fld-‘)(x)]O1 (x2) can be interpreted as counting the excess contributed by 
points in two or more duplicate branches of a rooted tree. Cl 
For ~22, let O,(x) count points of degree r and orbit size s in d-trees rooted at a 
point of degree 5 d - 1. We find that 
O$(x)=x;s k{Z(Sd-l-k, 1 +R(x))Os,k(x? 
-Z(&-2-h 1 +~b?)%,(Xk+‘)} 
(7) 
where the sum is over all divisors k of s but if s = d, then k# d. This formula is 
verified by observing that orbits of size s are created from k identical branches at the 
root, each branch having orbits of size s/k. But if there are more than k such 
branches, that portion must be excluded. 
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A similar formula holds when the root degree is I d: 
O,(x) =x ,c, GZ(Sd-k, I +KG)O,&) 
-z(%-k, l+R(x))%k(xk+‘)} 
(8) 
where the sum is restricted as in (7). 
Now the series o,(x) which counts point of degree r and orbit size sz 2 in 
(unrooted) trees can be expressed in terms of O,(x) and O,(x). 
Theorem 2. The series o,(x) for points of degree r and orbit size sz2 in d-trees 
satisfies 
if s is odd, 
ifs is even. 
(9) 
Proof. The verification of (9) is based on Otter’s equation (see for example 
[4,(3.2.3)]) which says that the number of orbits of points in a tree minus the 
number of orbits of lines plus the number of symmetry lines (0 or 1) equals 1. The 
first series O,(x) on the right side of (9) counts orbits of sizes in rooted d-trees. Next 
observe that R(x)O,(x) counts orbits of size s in one branch of trees rooted at a line. 
If that line is a symmetry line in the associated unrooted tree there will be Os(x2) 
more orbits of size s in trees rooted at a line. Therefore we subtract 
&x)0,(x) + 0,(x2). Finally we add orbits of size s in trees with a symmetry line. 
These only occur when s is even. They arise from orbits of size 3s in rooted trees. 
Just join the roots of two copies of a rooted tree and release the roots. Thus the 
series which counts all the points in these orbits is 2O,,2(x2). q 
The asymptotic expression obtained in [2, Theorem 2.31 for the number t, of d- 
trees of order n is 
where A(Q) is defined by 
&)eb:Z(&-331 +R@))=2, (11) 
e is the radius of convergence of R(x) and b, is a constant which depends on d. 
This result is found by applying the twenty-step algorithm outlined in [5]. We also 
showed (see [2, Lemma 2.21 that 
Z(Sd-k, 1 +R(x))-R(x)Z(&-k-l, 1 +R(e)), (12) 
i.e., the coefficients of x” in the two series of (12) are asymptotically equivalent. 
Since each series 0$(x), sr 1, depends ultimately on R(x) and other series which are 
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analytic at x = Q, we have the final theorem after some algebraic manipulation. The 
coefficient of x” in the series o,(x) is denoted by [o,(x)],. Note that the parameter r 
for the degree of a point is suppressed in our notation for O,(x). 
Theorem 3. The asymptotic proportion of points of degree r and orbit size s in d- 






___ -A(e)Pk[Z(%-If, 1 +Wm%/k(ek) (14) 
nt, 
-Z(Sd-2-k ~+R(@))OS/~(@~+~)I 9 
- z(sd- 3,1 + &?))os@)} 
where the sum is over all divisors k of s but k + 1 and ifs = d, then k z d. 
Application of the theorem requires some effort. The following two equations 
(see [2, (2.4) and (2.5)]) 
R(e) = @z(sd- 131 + &@)I (15) 
and 
1 =@(sd&,, 1 +R(@))v (16) 
were used to determine Q and R(Q). We found for d = 3 
Q = 0.402697503671. . . (17) 
R(Q)= 1.48325353617... (18) 
and for d = 4, 
~=0.35518174231... (19) 
R(Q) = 1.11742070095.. . (20) 
In his asymptotic analysis of trees [6], Otter also calculated the first seven digits of 
Q for d= 3 and 4. 
Values of R(ek) and OS(ek) for k> 1 can be calculated by substitution in the series 
R(x) and O,(x) with about thirty coefficients. Then the formulas of Theorem 3 can 
be used to determine the entries in Tables 1 and 3. 
The entries in Tables 2 and 4 for (1 ,d)-trees are easily computed directly from 
Tables 1 and 3. The simple conversion formulas were fully explained in [2, Theorem 
5. l] but we restate them here. Let c(s, r) be the asymptotic proportion of points in d- 
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trees of orbit size s and degree r, and let a(~, r) denote the same proportion for (1 ,d)- 
trees. Then 
a(~, d) = & i, 4~ r) (21) 
and 
a(s, 1) = -& ,c, kc(s/k, d- k). (22) 
When d= 3, we listed in Tables 1 and 2 only entries for orbit size ~=2~. These 
sizes have non-zero table entries. Ifs= 3.2k, there are points of orbit size s but the 
asymptotic proportion is always zero. Thus the probability of a point in a large tree 
having orbit size s with 3 1 s is zero. When s has neither of these two forms, there are 
no points of orbit size s at all. 
In Table 3 for 4-trees, note that the entries in the first two columns decline until at 
orbit size 9 there in a slight increase. This indicates that points in orbit size 9 are 
more prevalent than points of orbit size 8 when the degree is < 3. The phenomenon 
is in evidence for the 4-trees of order 13 which are the first to have orbits of size 8 
and 9 for endpoints. 
In the case of 4-trees or (1,4)-trees, there are only points in orbit size s = 2j. 3k for 
allj,k=0,1,2 ,... and the asymptotic entries are all non-zero. Thus the entry in 
Table 4 for orbit size 18 and degree 4 is non-zero but we have excluded it because we 
Table 1 
Asymptotic proportions of points in trees of maximum degree 3 
Degree 
Orbit size 1 2 3 Total 
1 0.2042252464 E + 00 0.3665289600 E + 00 0.3030770290 E + 00 0.87383 12354 E + 00 
2 0.9675548833 E-01 0.2031046300 E-01 0.3424616762 E-02 0.1204905681 E+OO 
4 0.5517191254 E-02 0.1494155573 E-03 0.3932265441 E-05 0.5670539076 E-02 
8 0.7652123009 E - 05 0.5295596969 E - 08 0.3662238207 E 11 - 0.7657422269 E - 05 
Total 0.3065055781 E+OO 0.3869888439 E+OO 0.3065055781 E+OO 0.1000000000 E+OI 
Table 2 
Asymptotic proportion of points in (1,3)-trees 
ox 1 
1 0.1832644800 E + 00 
2 0.2143804779 E +00 
4 0.9683019611 E-01 
8 0.5517193902 E-02 
16 0.7652123009 E -05 
Total 0.5ooooooooO E+OO 
3 Total 
0.4369156177 E+OO 0.6201800977 E + 00 
0.6024528405 E - 01 0.2746257620 E + 00 
0.2835269538 E -02 0.9966546565 E - 01 
0.3828711135 E-05 0.5521022613 E - 02 
0.7652123009 E - 05 
0.5000000000 E + 00 O.1OOOOOOOOO E+Ol 
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Table 3 
Asymptotic proportion of points in trees of maximum degree 4 
1 2 3 4 Total 
1 0.194109 E+OO 0.300252 E+OO 0.193969 E+OO 0.924417 E-01 0.780771 E+OO 
2 0.143099 E+OO 0.245427 E-01 0.327112 E-02 0.418384 E-03 0.171332 E+OO 
3 0.389187 E-01 0.185727 E-02 0.834488 E-04 0.373960 E-05 0.408632 E-01 
4 0.569978 E-02 0.103783 E-03 0.167501 E-05 0.267036 E-07 0.580526 E-02 
6 0.121178 E-02 0.246534 E-05 0.495220 E-08 0.994286 E-11 0.121425 E-02 
8 0.329661 E-05 0.849928 E-09 0.215331 E-12 0.545398 E-16 0.329246 E-05 
9 0.106699 E-04 0.959968 E-09 0.863599 E-13 0.776905 E-17 0.106709 E-04 
12 0.886790 E-07 0.357623 E- 12 0.144155 E- 17 0.575796 E-23 0.886794 E-07 
Total 0.383053 E+OO 0.326758 E+OO 0.197325 E+OO 0.928639 E-01 0.100000 E+Ol 
Table 4 











1 4 Total 
0.646563 E - 01 0.260257 E + 00 0.324913 E+OO 
0.201258 E+OO 0.571107 E-01 0.258369 E + 00 
0.194137 E+OO 0.136210 E-01 0.207758 E + 00 
0.163623 E - 01 0.193509 E-02 0.182974 E - 01 
0.144337 E+OO 0.404750 E - 03 0.144742 E+OO 
0.691889 E-05 0.109915 E-05 0.801804 E - 05 
0.389187 E - 01 0.355697 E - 05 0.389223 E - 01 
0.570142 E - 02 0.295598 E - 07 0.570145 E - 02 
0.121178 E-02 0.121178 E-02 
0.666589 E + 00 0.333333 E + 00 0.999922 E + 00 
already have a sufficient proportion of degree 4 points. On the other hand several 
more entries for s = 24, 27 and 32 could be required to attain the first 6 digits of the 
proper total proportion of (0.666666) points of degree 1. 
The following statements about orbit sizes hold for both d-trees and (1 &-trees. If 
d is not a prime, there will only be orbits of size s= P, where P is a product of 
primes, not necessarily distinct, each less than d. Furthermore, the asymptotic 
proportion of such points is not zero. If d is prime, then there are only orbits of size 
s=d’P, where i= 0 or 1. The asymptotic proportion of these points is not zero 
unless i = 1. 
3. An application 
The problem of determining the expected order of the automorphism groups of 
trees of order n appears to be very difficult. We conclude with some speculations on 
this problem based on an approach suggested by Gordon and Leonis [3]. They have 
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given the following rough estimate of the order of the group of a (1,4)-tree of order n: 
20% 60.4k 
, (23) 
where k=+(n -2) is the number of points of degree 4. The line of reasoning is as 
follows. The number, 0.3, is an estimate of the proportion of points of degree 4 
adjacent to exactly 2 endpoints. Each of these 0.3k points contributes a 
multiplicative factor of 2 to the group order. The exact proportion of such points is 
also the proportion of points of degree 2 in a 4-tree. This number, 0.326758..., is 
provided in Table 3. The number, 0.4, in (23) is an estimate of the proportion of 
points of degree 4 adjacent to 3 endpoints, and these 0.4k points each contribute a 
factor of 3! to the order of the group. The exact proportion of these points is the 
proportion of points of degree 1 in a 4-tree and this number, 0.383053... , is also 
given in Table 3. 
An alternative to the Gordon-Leonis estimate (23) can be made using more 
entries in Table 3. Let T* be a (1,4)-tree of order n. Let T be the 4-tree of order 
k= +(n - 3) obtained by deleting all the endpoints of T*. Then Aut(T*), the 
automorphism group of T*, has order 
JAut(T*)/=2a6b/Aut(Z-‘), (24) 
where a is the number of points of degree 2 in T and b is the number of points of 
degree 1 in T. As already indicated, we use Table 3 to make the following estimates 
of a and b: 
and 
az0.326758 k (25) 
b= 0.383053 k. (26) 
Now we use Table 3 to estimate the order of Aut(7’). First we observe that the 
automorphism group of any tree is faithfully represented by its action on the 
endpoints. Therefore we can ignore the interior points and only consider the entries 
in column one. We see that about 14.3099% of the endpoints move in orbits of size 
2. Some of these are redundant with respect to their contribution to the order of 
Aut(T). These redundancies must cause orbits of size 2 with interior points so the 
latter should be substantially fewer than the 2.8233% of points in orbits of size 2 
and degree greater than 1. Therefore we use 2°,‘43k’2 as our estimate for the 
contribution to ]Aut(7) ) from points in orbit size 2. 
Next we see that 3.89187% of the points are endpoints in orbit size 3. Here the 
redundant contribution can effect no more than 0.19445% of the points and so we 
use (3!)0.039k’3 for the contribution to 1 Aut( T)) . 
Then we arrive at the estimate 
lAut(T) / = 20.143k/260.039k/‘3_ (27) 
Combining (24)-(27) we have the following estimate for the expected order of the 
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automorphism group of a large (1,4)-tree T* of order n: 
IAut(T*)I -(0.518)2°~133”60~‘32”. (28) 
This estimate takes into account information in Table 3 on the behavior of 99% of 
the points. 
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